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Two complementary approaches oiN = 2 fractional super symmetric quan- 
tum mechanics of order k are studied in this article. The first one, based on a 



' generalized Weyl-Heisenberg algebra (that comprizes the affine quantum 

^ ■ algebra Uq{sl2) with = 1 as & special case), apparently contains solely one 

bosonic degree of freedom. The second one uses generalized bosonic and k- 
fermionic degrees of freedom. As an illustration, a particular emphasis is put 
• on the fractional supersymmetric oscillator of order k. 

o 
o 

^ 1 Introduction 

o ■ 

^ \ Since more than three decades, supersymmetry is a concept largely used in Physics. 

Oh' It was first introduced in elementary particle physics on the basis of the unification 

r-| ■ of internal and external symmetries.^ Curiously enough, this kind of unification has 

, never been used directly in Physics but its corollary according to which the Poincare 

group has to be replaced by an extended Poincare group proved to be fruitful. In 
this respect, the fact that fermions and bosons can be accomodated in a given 
irreducible representation of the Z2-graded Poincare group is at the origin of the 
idea of a superparticle.^ 

The experimental evidence for supersymmetry is not yet firmly established. Some 
arguments in favour of supersymmetry come from: (i) condensed matter physics 
with the fractional quantum Hall effect and high temperature superconductivity;^ 
(ii) nuclear physics where supersymmetry could connect the complex structure of 
odd-odd nuclei to much simpler even-even and odd-A systems;^ and (iii) high energy 
physics (especially in the search of supersymmetric particles and the lighter Higgs 
boson) where the recently observed signal at 115 GeV/c^ for a neutral Higgs boson 
is compatible with the hypotheses of supersymmetry.^ 

In spite of the absence of a decisive evidence for supersymmetry, supersymmetric 
quantum mechanics (SSQM), a supersymmetric quantum field theory mD = 1-1-0 di- 
mension [6], has received a great deal of attention in the last twenty years and is still 
in a state of development. In recent years, the investigation of quantum groups, with 
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deformation parameters taken as roots of unity, has been a catalyst for the study 
of fractional supersymmetric quantum mechanics (FSSQM) which is an extension 
of ordinary SSQM. This extension takes its motivation in the so-called intermediate 
or exotic statistics like: (i) anyonic statistics in D = 1 + 2 dimensions connected to 
braid groups, (ii) para-bosonic and para-fermionic statistics in D = 1 + 3 di- 
mensions connected to permutation groups, and (iii) g-deformed statistics (see, 
for instance, ^^'^^ arising from g-deformed oscillator algebras. Along this vein, 
intermediate statistics constitute a useful tool for the study of physical phenomena 
in condensed matter physics (e.g., fractional quantum Hall effect and supraconduc- 
tivity at high critical temperature). 

Supersymmetric quantum mechanics needs two degrees of freedom: one bosonic 
degree (described by a complex variable) and one fermionic degree (described by a 
Grassmann variable). From a mathematical point of view, we then have a Z2-grading 
of the Hilbert space of physical states (involving bosonic and fermionic states). 
Fractional supersymmetric quantum mechanics of order k is an extension of ordinary 
SSQM for which the Z2-grading is replaced by a Z^-grading with k e N \ {0, 1}. 
The Zfe-grading corresponds to a bosonic degree of freedom (described again by a 
complex variable) and a para-fermionic or /c-fermionic degree of freedom (described 
by a generalized Grassmann variable of order k). In other words, to pass from 
ordinary supersymmetry or SSQM to fractional supersymmetry or FSSQM of order 
k, we retain the bosonic variable and replace the fermionic variable by a para- 
fermionic or A;-fermionic variable (which can be represented by a, k x k matrix). 

A possible approach to FSSQM of order k thus amounts to replace fermions by 
para-fermions of order k — 1. This yields para-supersymmetric quantum mechanics 
as first developed, with one boson and one para-fermion of order 2, by Rubakov 
and Spiridonov^^ and extended by various authors. An alternative approach to 
FSSQM of order k consists in replacing fermions by fc-fermions which are objects 
interpolating between bosons (for k oo) and fermions (for k — 2) and which 
satisfy a generalized Pauli exclusion principle according to which one cannot put 
more than k — 1 particles on a given quantum state. The /c-fermions proved to 
be useful in describing Bose-Einstein condensation in low dimensions'^ (see also 
Ref. [15]). They take their origin in a pair of q- and g-oscillator algebras (or q- and 
^-uon algebras) with 



where A; G N \ {0, 1}. Along this line, a fractional supersymmetric oscillator was 
derived in terms of boson and /c-fermion operators in Ref. [29]. 

Fractional supersymmetric quantum mechanics was also developed without an 
explicit introduction of fc-fermionic degrees of freedom.^°'^' In this respect, FSSQM 
of order k = 3 was worked out by Qucsne and Vansteenkiste^' owing to the intro- 
duction of the the CA-cxtended oscillator algebra. Their work is an extension of 
the construction by Plyushchay^° of SSQM, viz., FSSQM of order k = 2, with one 
bosonic degree of freedom only. 




(1) 
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The connection between FSSQM (and thus SSQM) and quantum groups has been 
worked out by several authors^^"^*^ mainly with apphcations to exotic statistics in 
mind. In particular, LcCIair and Vafa'^^ studied the isomorphism between the afhne 
quantum algebra Uq{sl2) and M = 2 FSSQM in D = 1 + 1 dimensions when 
goes to a root of unity {M is the number of supercharges); in the special case where 
— > —1, they recovered ordinary SSQM. 

It is the aim of this paper to approach J\f — 2 FSSQM of order k from different 
routes: (i) first, from a generalized Wcyl-Heisenberg algebra Wk (defined in Sec. 2) 
and (ii) second, in terms of generalized bosonic and /c-fermionic operators (Sees. 4 
and 5). In Sec. 3, a fractional supersymmetric Hamiltonian is derived from the 
generators of Wk and speciahzed to the case of a fractional supersymmetric oscillator. 
In Sec. 5, this fractional supersymmetric oscillator is further investigated on the basis 
of a Q-uon approach to the algebra Wk, with Q going to a fc-th root of unity. Finally, 
differential realisations, involving bosonic and generalized Grassmannian variables, 
of FSSQM are given in Sec. 6 for some particular cases of W^. Three appendices 
complete this paper: The quantum algebra Uq{sl2) with q'^ — 1 is connected to 
in Appendix A, a boson + /c-fermion decomposition of a Q-uon for Q — > ? is derived 
in Appendix B and the action of deformed-boson and /c-fermion operators on the 
Zfc-gradcd Hilbcrt-Fock space is given in Appendix C. 

In the present paper, we use the notation [A, B]q := AB — QBA for any complex 
number Q and any pair of operators A and B. As particular cases, we have [A, B] 
or [A, S]_ := -B]i and [A, S]+ := [A, for the commutator and the anti- 
commutator, respectively, of A and B. 

2 A generalized Weyl-Heisenberg algebra Wk 
2.1 The algebra 

For fixed k, with A; e N \ {0, 1}, we define a generahzed Weyl-Heisenberg algebra, 

denoted as Wk, as an algebra spanned by four linear operators X_ (annihilation 
operator), X+ (creation operator), (number operator) and K (grading operator) 
acting on some Hilbert space and satisfying the following relations: 



k-l 



[x_,x+] = J2f,{N) n, 



(2a) 



s=0 



[N,X.] = -X_, [N,X+] = +X+, 
[K,X+],= [K,X.]g = 0, 
[K,N] = 0, 
= 1, 



(2b) 
(2c) 
(2d) 
(2e) 
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where q is the k-ih. root of unity given by (1). In Eq. (2a), the fs are reasonable 
functions (see below) and the operators are polynomials in K defined by 

n. \ E (3) 

^ t=o 

for s = 0,1, ■ ■ ■ , k — 1. Furthermore, we suppose that the operator K is unitary 
[K^ = K~^), the operator N is self-adjoint (A^^ = N), and the operators X_ and 
X+ are connected via Hermitean conjugation {Xl_ = X^). The functions fs-N>—>- 
fs{N) must satisfy the constrain relation 

/,(7V)t = f,{N) 
(with s — 0,1, - ■ ■ ,k — 1) in order that X+ — be verified. 

2.2 Projection operators 

It is clear that we have the resolution of the identity operator 

fc-i 

En. = i 

s=0 

and the idempotency relation 

where S is the Kronecker symbol. Consequently, the k self-adjoint operators are 
projection operators for the cyclic group — {1, K, ■ • ■ , K''~^} of order k spanned 
by the generator K. In addition, these projection operators satisfy 

UsX+ = x+Us-i ^ x_n, = n,_iX_ (4) 

with the convention n_i = Ilfe-i and 11^ = IIq (more generally, Hg+kn = for 
n e Z). Note that Eq. (3) can be reversed in the form 

s=0 

witht = 0, 

2.3 Representation 

We now consider an Hilbertean representation of the algebra Wk- Let be the 
Hilbert-Fock space on which the generators of act. Since K obeys the cyclicity 
condition K'' — 1, the operator K admits the set {1, • • • , q''~^} of eigenvalues. It 
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thus makes it possible to graduate, via a Z^-grading, the representation space T of 
the algebra W]^ as 

k-\ 

T=^Ts (5a) 

where 

Ts := + s) : n e N} (5b) 

with 

K\kn + s) = (f\kn + s). 

Therefore, to each eigenvalue (with s = 0,l,---,/c — l)we associate a subspace 
Ts of T . It is evident that 

X\.s\kn + = 5(s, i) + s) 
and, thus, the application lis : ^ yields a projection of T onto its subspace 

The action of X± and N on can be taken to be 

N\kn + s) = n|A;n + s) 

and 

+ s) = \lF{n) \k{n - 1) + s - 1), s ^ 0, (6a) 
X_\kn) = ^jF{n) \k{n -l) + k-l), s = 0, (6b) 
X+\kn + s) ^ y/F\n + l)\k{n + l) + s + l), Sy^k-1, (6c) 

X+\kn + k-l) = ^F{n + l) |A;(n + 1)), s = - 1. (6d) 

The function F is a structure function that fulfills the initial condition F{fS) = 
(see Refs. [41,42]). Furthermore, it satisfies 

X_X+ = F{N + 1), X+X_ = F{N) 

and 

A;— 1 

FiN + l)-F{N) = J2fs{N) Us 

s=0 

which admits the classical solution F{N) — N ior fg — 1 (s = 0, 1, • • • , A; — 1). 
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2.4 Particular cases 



The algebra Wk covers a great number of situations encountered in the hterature.^^"^^'^^''^^ 
These situations differ by the form given to the right-hand side of (2a) and can be 
classified as follows. 

(i) As a particular case, the algebra W2 ior k — 2 with 

X+] = l + cK, [N, X±] = ±X±, 

where c is a real constant (/o = 1 + c, /i = 1 — c), corresponds to the Calogero- 
Vasiliev^^ algebra considered by Gazeau^^ for describing a system of two anyons, 
with an Sl(2, R) dynamical symmetry, subjected to an intense magnetic field and 
by Plyushchay^° for constructing SSQM without fermions. Of course, for /c = 2 and 
c = we recover the algebra describing the ordinary or Z2-graded supersymmetric 
oscillator. 

If we define 

Cs-IEq-'-MN), (7) 

with the functions ft chosen in such a way that Cg is independent of N (for s = 
0, 1, ■ ■ • , /c — 1), the algebra Wk defined by 

k—l 

[X.,X+] = J2csK% (8) 

s=0 

together with Eqs. (2b)- (2e), corresponds to the C^-extented harmonic oscillator 
algebra introduced by Quesne and Vansteenkiste^^ for formulating FSSQM of order 
3. The latter algebra was explored in great detail in the case k — 3.^^ 

(ii) Going back to the general case where /c G N \ {0, 1}, if we assume in Eq. (2a) 
that fs = Gis independent of s with G{Ny = G{N), we get 

[X_,X^]^GiN). (9) 

We refer the algebra defined by Eq. (9) together with Eqs. (2b)- (2e) to as 
a nonhnear Weyl-Heisenberg algebra (see also Ref. [13]). The latter algebra was 
considered by the authors as a generalization of the Z^-graded Weyl-Heisenberg 
algebra describing a generalized fractional supersymmetric oscillator. 

(iii) As a particular case, for G = 1 we have 

= 1 (10) 

and here we can take 

N := X+X_. (11) 
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The algebra Wk defined by Eqs. (10) and (11) together with Eqs. (2b)-(2e) corre- 
sponds to the Zfe-graded Weyl-Heisenberg algebra connected to the fractional super- 
symmetric oscillator studied in Ref. [29]. 

(iv) Finally, it is to be noted that the affine quantum algebra Uq{sl2) with = 1 
can be considered as a special case of the generalized Weyl-Heisenberg algebra 
(see Appendix A) . This result is vahd for all the representations (studied in Ref. [45] ) 
of the algebra Uq{sl2). 

3 A general supersymmetric Hamiltonian 

3.1 Supercharges 

We are now in a position to introduce supercharges which are basic operators for 
the formulation of FSSQM. We define the supercharge operators Q- and Q+ by 

Q_ :=X_(l-ni), (12a) 

g+:=x+(i-no), (12b) 

or alternatively 

Q_ := X_iU2 + ■■■ + Uk-2 + Hfc.i + Ho), (13a) 

Q+ := X+{Ili + + • • • + Uk-2 + Uk-i). (13b) 

Indeed, we have here one of k, with A; G N \ {0, 1}, possible equivalent definitions 
of the supercharges Q- and corresponding to the k circular permutations of the 
indices 0,1,---,A; — 1. Obviously, we have the Hermitean conjugation relation 

Ql = Q+. 

Thus, our approach corresponds to a jV = 2 formulation of FSSQM of order k ( y 
is the number of independent supercharges). By making use of the commutation 
relations between the projection operators Ug and the shift operators X_ and 
[see Eqs. (4)], we easily get 

Qrn ^ ^m^n^ ^ n^^^ ^ n^^^ ^ . . . ^ n^.o (i4a) 

Q™ = xi\u, + n2 + ■ ■ ■ + n,_„_i + nfc_„) (i4b) 

for m = 0, 1, ■ ■ ■ , /c — 1. By combining Eqs. (12) or (13) and (14), we obtain 

Ql^Qk^^ 0. 

Hence, the supercharge operators and are nilpotent operators of order k. 

We continue with some relations at the basis of the derivation of a supersym- 
metric Hamiltonian. The central relations are 

g+g? = x+xr(i - n^)(no + n^+i + • • • + u,_,) (isa) 
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g™Q+ = - no)(n„ + n„,+i + • • • + n^.i) (isb) 

with m = 0,1, ■ ■ ■ , k — 1. From Eqs. (15), we can derive the following identities 
giving Q"^Q+Qt with m + £ — k — 1. 

(i) We have 

g+Q^^ = X+X'r'Uo (16a) 
Q'!r'Q+ = Xl-'X+Uk-i (16b) 

in the limiting cases corresponding to {m — 0,£ — k — 1) and {m — k — l,i — 0). 

(ii) Furthermore, we have 

g™g+gl = x™x+xi(no + n^.o (i6c) 

with the conditions {m ^ 0,1 ^ k — 1) and {m ^ k — 1,1 ^ 0). 
3.2 The Hamiltonian 

Following Rubakov and Spiridonov,^^ we consider the multilinear relation 

g^'g+ + g^'g+g- + ■ ■ • + g+g'-' = g'-'i^, 

where H is an operator that depends on the algebra Wk- The operator H defines the 
Hamiltonian for a supersymmetric system associated to Wk- This dynamical system, 
that we shall refer to a fractional or Z^-graded supersymmetric system, depends on 
the functions fs occurring in the definition (1) of Wk- By repeated use of Eqs. (1) 
and (16), we find that the most general expression of H is 

H^{k-i)x+x_- Y. E(^-i)/*(^-« + ^)n. 

s=k~2 t=2 

k—1 k—1 

-T.T.it-k)MN-s + t)U, (17) 

s=l t=s 

in terms of the product X^X_, the operators lis ^-nd the functions fs- In the general 
case, we can check that 

(18) 

and 

[//,g_] = [//,g+] = o. (19) 

Equations (18) and (19) show that the two supercharge operators g_ and g+ are 
two (non independent) constants of the motion for the Hamiltonian system described 
by the self-adjoint operator H. From Eqs. (17-19), it can be seen that the Hamil- 
tonian H is a linear combination of the projection operators H^ with coefficients 
corresponding to isospectral Hamiltonians (or supersymmetric partners) associated 
to the various subspaces J^g with s — 0,1, • ■ • ,k — 1- 
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3.3 Particular cases 



The general expression (17) for the Hamiltonian H can be particularized to some 
interesting cases. These cases correspond to the above-mentioned forms of the gen- 
erahzed Weyl-Heisenberg algebra Wk- 

(i) In the particular case A; = 2, by taking /o = 1 + c and /i = 1 — c, where c is a 
real constant, the Hamiltonian (17) gives back the one derived by Plyushchay^° for 
SSQM. 

More generaly, by restricting the functions ft in Eq. (17) to constants (indepen- 
dent of N) defined by 

k-l 
s=0 

in terms of the constants Cg (cf. Eq. (7)), the so-obtained Hamiltonian H corresponds 
to the CA-oscillator fully investigated for A; = 3 in Ref. [31]. 

(ii) In the case fs = G (independent of s = 0, 1, ■ ■ ■ , A; — 1), i.e., for a generalized 
Weyl-Heisenberg algebra Wk defined by (2b)- (2e) and (9), the Hamiltonian H can 
be written as 

k—l 5—1 

H^{k- 1)X+X_ -J2^G{N-t){l-U,-U2 n,) 

s=2 t=l 

+ E E - 5 - tMN + t) H,. (20) 

s=l t=0 

The latter expression was derived in Ref. [29]. 

(iii) If G = 1, i.e., for a Weyl-Heisenberg algebra defined by (2b)-(2e) and (10), 
Eq. (20) leads to the Hamiltonian 

H^{k- 1)X+X_ + {k-l) + 1 - ^mk-s (21) 

for a fractional supersymmetric oscillator. The energy spectrum of H is made of 
equally spaced levels with a ground state (singlet), a first excited state (doublet), a 
second excited state (triplet), • • •, a (A; — 2)-th excited state ((A; — l)-plet) followed 
by an infinite sequence of further excited states (all A;-pIcts). 

(iv) In the case where the algebra Wk is restricted to Uq{sl2), sec Appendix A, 
the corresponding Hamiltonian H is given by Eq. (17) where the ft are given in 
Appendix A. This yields 

1 "'^ iirf 

H^{k- 1) j+ j_ + — 1^ E E(^ - 1) 

k s=k-2t=2 

1 k-lk-1 A . 

+— ^EE(^-^)«in— H,. (22) 

T s=l t=s 
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Alternatively, Eq. (22) can be rewritten in the form (20) where X± = J± and N = J3 
and where the function G is defined by 



G{X) := -[2X]„ 
where the symbol [ is defined by 

_ -2X 

with X an arbitrary operator or number. The quadratic term 7+ J_ can be expressed 
in term of the Casimir operator of Uq{sl2), see Appendix A. Thus, the so-obtained 
expression for the Hamiltonian H is a. simple function of and J3. 



4 A deformed-boson + /c-fermion approach to frac- 
tional supersymmetry 

4.1 A deformed-boson + A;-fermion realization of Wk 

In this section, the main tools consist of k pairs (6(s)_, &(s)+) with s = 0, 1, ■ ■ ■ , A; — 1 
of deformed bosons and a pair (/_, /+) of /c-fermions. The operators f± satisfy (see 
Appendix B) 

[/_,/+], = 1, £ = /^ = 0, 
and the operators b{s)± the commutation relation 

[b{s).,b{sU]=UN), (23) 

where the functions fg with s = 0, 1, • • • , /c — 1 and the operator A'^ occur in Eq. (2). 
In addition, the pairs (/-,/+) and (6(s)_, 6(s)+) are two pairs of commuting op- 
erators and the operators b{s)± commute with the projection operators IIj with 
s, i = 0, 1, • • • , A; — 1. We also introduce the hnear combinations 

s=o s=n 
It is immediate to verify that we have the commutation relation 

fc— 1 

[6_,6+] = ^/,(Ar)n„ (24) 

s=0 

a companion of Eq. (23). 

We are now in a situation to find a realization of the generators X_, X^ and K 
of the algebra Wk in terms of the 6's and /'s. Let us define the shift operators X_ 
and X^ by 
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cfc-1 \ 



where the new symbol [[ ]]q is defined by 

with X an arbitrary operator or number and where the g-deformed factorial is given 

by 

MW- ■= [[% » ■■■ NL 

for n G N* (and [[0]]^! := 1). It is also always possible to find a representation for 
which the relation Xl. — X^ holds (see Appendix C). Furthermore, we define the 
grading operator K by 

:=[/-,/+]■ (27) 

In view of the remarkable property 
we obtain 

[X_,X+] = [6_,6+]. (28) 

Equations (24) and (28) show that Eq. (2a) is satisfied. It can be checked also that 
the operators X+ and K satisfy Eqs. (2c) and (2e). Of course, Eqs. (2b) and 
(2d) have to be considered as postulates. However, note that the operator N is 
formally given in terms of the 6's by 

fc-1 



F{N + 1) = b^b+ = Yl n„ 



s=0 
fc-1 



s=0 

with the help of the structure function F introduced in Sec. 2. We thus have 
a realization of the generalized Weyl-Heisenberg algebra Wk by multilinear forms 
involving k pairs (6(s)_, 6(s)_)_) of deformed-boson operators {s — 0,1, ■ ■ ■ , k — 1) 
and one pair (/_, /+) of /c-fermion operators. 

4.2 The resulting Hamiltonian 

The supercharges Q- and (5+ can be expressed by means of the deformed-bosons 
and k-fermions. By using the identity 



yfc-l / yfe-l \" 
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with s = 0, 1, • • • , A; — 1 and n e N, Eqs. (12) can be rewritten as 

with the convention b{k)^ = 6(0)+. Then, the supcrsymmetric Hamiltonian H given 
by Eq. (17) assumes the form 

H^{k-l)J2Fs{N)U,- Yl E(t-l)/t(A^-s + i)n, 

s=0 s=k-2 t=2 

s=l t=s 

in terms of the operators b{s)±, the projection operators lis (that may be written 
with /c-fermion operators), the structure functions Fs and the structure constants fs 
with s — 0,1, ■ ■ ■ , k — 1. 

5 The fractional supersymmetric oscillator 

5.1 A special case of Wk 

In this section, we deal with the particular case where = 1 and the deformed 
bosons 6(s)-t = 6± are independent of s with s = 0, 1, ■ ■ ■ , A; — 1. Wc thus end up 
with a pair (6_,6_|_) of ordinary bosons, satisfying [6_,6_)_] = 1, and a pair (/_,/_|_) 
of A;-fermions. The ordinary bosons b± and the A;-fermions f± may be considered as 
originating from the decomposition of a pair of Q-uons when Q goes to the root of 
unity q (see Appendix B). 

Here,the two operators X_ and are given by Eqs. (25) and (26), where now b± 
are ordinary boson operators. They satisfy the commutation relation = 1. 

Then, the number operator N may defined by 

N := X+X_, (29a) 

which is amenable to the form 

N^b+b^. (29b) 

Finally, the grading operator K is still defined by Eq. (27). We can check that the 

operators X_, X+, and K so-defined generate the generalized Weyl-Heisenberg 
algebra Wk defined by Eq. (2) with /s = 1 for s = 0, 1, ■ ■ ■ , A: — 1. The latter algebra 
Wk can thus be realized with multilinear forms involving ordinary boson operators 
b± and A;-fermion operators f±. 
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5.2 The resulting fractional supersymmetric oscillator 

The supercharge operators Q- and (5+ as well as the Hamiltonian H associated to 
the algebra Wk introduced in Sec. 4.2 (in terms of the operators 6_, 6+, /_ and /+) 
can be constructed according to the prescriptions given in Sec. 3. This leads to the 
expression 

k—l I 

H^{k- + (A; - 1) ^(s + 1 - -k)Tlk-s 

to be compared with Eq. (21). 

Most of the properties of the Hamiltonian H are essentially the same as the ones 
given above for the Hamiltonian (21). In particular, we can write 

H^Y. Hmllm, Hm := {k - 1) (b+b. + -k + l-m) 

m=l \ Z J 

and thus if is a linear combination of projection operators with coefficients 
corresponding to isospectral Hamiltonians (remember that Hj. := Hq). 

To close this section, let us mention that the fractional supercoherent state 6) 
defined in Appendix B is a coherent state corresponding to the Hamiltonian H. As 
a point of fact, we can check that the action of the evolution operator exp(— ii/t) 
on the state \z, 6) gives 



exp(— iiJi) \z^9) — exp 
i.e., another fractional supercoherent state 



'-{k-l){k + 2)t 



5.3 Examples 

Example 1. As a first example, we take k — 2, i.e., q — —1. Then, the operators 

X± := 6± (/- + /+) 

and the operators K and N, sec Eqs. (27) and (29), are defined in terms of bilinear 
forms of ordinary bosons (6_,6_|_) and ordinary fermions (/_,/+). The operators 
X+, N and K satisfy 

[X_,X+] = 1, [N,X^] = ±X^, 

[X,X±]+ = 0, [K,N]^0, 

which reflect bosonic and fermionic degrees of freedom, the bosonic degree corre- 
sponding to the triplet (X_, N) and the fermionic degree to the Klein involution 
operator K. The projection operators 

Ho = 1 -/+/-, Hi = /+/_ 
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are here simple chirality operators and the supercharges 



Q 



b.U, Q+ = h+f. 



have the property 



g2_ = q2 ^ 0. 



The Hamiltonian H assumes the form 



// = [g_,g+]+ 



which can be rewritten as 

H = b+b_Uo + b_b+Ili. 

It is clear that the sclf-adjoint operator H commutes with Q_ and and we recover 
that (5- , Q+ and H span the Lie superalgebra s£{l/l). We have 



so that H acts on the Z2-graded space = J-'o (B J-'i- The operator H corresponds 
to the ordinary or Z2-graded supersymmetric oscillator whose energy spectrum E is 
(in a symbolic way) 



with equally spaced levels, the ground state being a singlet (denoted by 1) and all 
the excited states (viz., an infinite sequence) being doublets (denoted by 2). Finally, 
note that the fractional supercoherent state \z,9) of Appendix B with A; = 2 is a 
coherent state for the Hamiltonian H (see also Ref. [46]). 
Example 2. We continue with k — 3, i.e.. 



and K and N as given by (27) and (29), where here (6_,6_|_) are ordinary bosons 
and (/_,/+) are 3-fermions. We hence have 



= 1®2®2© ••• 




In this case, we have 



X_ = 6_ (/_ - qfl) , 

= b^ {U + f- + q'flf-) , 



[X_,X+] = 1, [7V,X±] = ±X±, 




Ho = l + (g -!)/+/_ 

Hi = -g/+/_ + (l + g)/+/_/+/_ 

n2 = /+/_-/+/_/+/_ 



14 



for the projection operators and to 

g_ = (/! - qu) 

Q+ = K (/- - qfl) f- 
for the supercharges with the property 

Qi^Ql^ 0. 

By introducing the Hamiltonian H via 

Q^_Q+ + Q-Q+Q- + Q+Q^_ = Q-H 

we obtain 

H = (26+6_ - 1) Ho + (26+6_ + 3) Hi + (26+6_ + 1) U2 

which acts on the Za-graded space ^ = ^0 © ^1 © ^2 and can be rewritten as 

H = 26+6_ - 1 + 2(1 - 2g)/+/_ + 2(1 + 2g)/+/_/+/_ 

in terms of boson and 3-fermion operators. We can check that the self-adjoint 
operator H commutes with Q_ and Q^. The energy spectrum of H reads 

E ^ 1®2©3©3© 

It contains equally spaced levels with a nondegenerate ground state (denoted as 1), 
a doubly degenerate first excited state (denoted as 2) and an infinite sequence of 
triply degenerate excited states (denoted as 3). 

6 Differential realizations 

In this section, we consider the case of the algebra Wk defined by Eqs. (2b)- (2c) and 
Eq. (8) with cq — 1 and = c5{s, 1), c e R, for s = 1, 2, • • • , A; — 1. In other words, 
we have 

X+]^l + cK, K^^l, (30a) 

[X,X+],= [X,X_],- = 0, (30b) 

which corresponds to the CA-extended oscillator. The operators X+ and K can 
be realized in terms of a bosonic variable x and its derivative ^ satisfying 
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and a /c-fermionic variable (or generalized Grassmann variable) 6 and its derivative 
^ satisfying2i'32 (see also Refs. [22-28]) 

Of course, the sets {x, ^} and ^} commute. It is a simple matter of calculation 
to derive the two following identities 

(d e^-^ \^ 
+ 



de [[k-i]] 



and 

which are essential for the realizations given below. 

As a first realization, we can show that the shift operators 

" dX \de [[k - J X ' 

fd e^-^ \ 



do p-i]],-!;' 

and the Witten grading operator 

satisfy Eqs. (30). This realization of X_, X+ and K clearly exibits the bosonic and 
/c-fermionic degrees of liberty via the sets {x, ^} and {^, ^}, respectively. In the 
particular case k = 2, the fc-fcrmionic variable 6 is an ordinary Grassmann variable 
and the supercharge operators Q- and take the simple form 

= (32) 

(Note that the latter realisation for Q_ and is valid for k ~ 3 too.) 
Another possible realization of X_ and X+ for arbitrary k is 

(d e^-'^ c 

^- = ^ + [[k - 1]],! J ~x^' 



de [[k-i]]^\^ 
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where P and X are the two canonically conjugated quantities 



P :-- 





and 



This reahzation is more convenient for a Schrodinger type approach to the super- 
symmetric Hamiltonian H. According to Eq. (17), we can derive an Hamihonian 
H involving bosonic and fc-fermionic degrees of freedom. To illustrate this point, 
let us continue with the particular case k = 2. It can be seen that the supercharge 
operators (31) and (32) must be replaced by 



Q- 



^-x}' 



Q 



+ 



(Note the formal character of Q- since the definition of lies on the existence of 
an inverse for the operator X.) Then, we obtain the following Hamiltonian 



— 
2 




+ X + c(l + K) 



For c = 0, we have (cf. Ref. [6]) 



2dx2 + 2^ 



that is the Hamiltonian for an ordinary super-oscillator, i.e., a Z2-graded supersym- 
metric oscillator. Here, the bosonic character arises from the bosonic variable x and 
the fermionic character from the ordinary Grassmann variable 9 in K. 



7 Concluding remarks 

A first facet of this work concerns an approach of A/" = 2 FSSQM of order k {k E 
N \ {0, 1}) in D = 1 + 1 dimensions through a generalized Weyl-Heisenberg algebra 
Wk which is an extension of the Calogero-Vasihev^^ algebra. We have shown how the 
algebra Wk is connected to the quantum algebra Uq{sl2) with q'' — 1. This approach 
of FSSQM, in the spirite of the pioneer works in Refs. [30,31], differs from the one 
developed in Refs. [21-27] via the introduction of two degrees of freedom, a bosonic 
one and a para-fermionic one. At first glance, our approach seems to be of an entirely 
bosonic character. However, the para-fermionic or /c-fermionic character is hidden 
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behind the (Klein- Witten) operator K. This operator ensures a Z^-grading of the 
Hilbert space T of the physical states according to the decomposition T — 0^=0 -^s- 
The generators of (and consequently of Uq{sl2)) have been used for constructing 
a general fractional supersymmetric Hamiltonian H which is a linear combination 
of projection operators on the subspaces (s = 0, 1, • • • , A; — 1), the coefficients 
of which being isospectral Hamiltonians. The general Hamiltonian H covers the 
particular case of the fractional supersymmetric oscillator. 

A second facet of this paper is devoted to a Q-uon approach of A/" = 2 FSSQM 
of order k with Q going to g = exp(27ri/A;). The bosonic and /c-fermionic degrees 
of freedom are present since the very beginning, a situation which parallels the a la 
Rubakov and Spiridonov^^'^^ construction of para-supersymmetric quantum mechan- 
ics. Indeed, the Q-uon — > hoson -\- k-fermion decomposition obtained when Q ^ q 
has been exploited for building a realization of Wk corresponding to the fractional 
supersymmetric oscillator. This approach of FSSQM is especially appropriate for 
deriving the fractional supercoherent states associated to this fractional supersym- 
metric oscillator. In addition, it is appropriate to the writing of supercharges and 
fractional supersymmetric Hamiltonians in terms of ordinary bosonic variables and 
generalized Grassmann variables, as shown with the specific differential realizations 
of Sec. 6. 

The two approaches of FSSQM developed in this paper are obviously comple- 
mentary. In this direction, it is to be emphasized that this work might be useful for 
generating isospectral Hamiltonians for exactly integrable potentials and for con- 
structing their coherent states. 

Finally, two comments of a group-theoretical nature are in order. First, we have 
shown here that supercharges and fractional supersymmetric Hamiltonians can be 
expressed from the generators of Ug{sl2), with q a k-th root of unity, in a way 
independent of the representations (i), (ii) and (iii) of Appendix A chosen for the 
quantum algebra Uq{sl2)- This approach is different from the one in Refs. [32,35] 
where nilpotent and cyclic representations of Uq{sl2), with q"^ being a root of unity, 
are separately considered for an investigation of jV = 2 FSSQM in D = 1 + 1 
dimensions. Second, the algebra Uq{sl2) has not to be confused with the algebra 
spanned by the supercharges Q- and and the Hamiltonian H. The latter algebra 
coincides with the Z2-graded Lie algebra s/(l/l) for q = —1, i.e., A: = 2, in the case 
of A/" = 2 SSQM. An open question is to find the algebra spanned by Q-, Q+ and 
H for A; > 3 in the case of A/" = 2 FSSQM. In an other terminology, can M = 2 
FSSQM of order k be described by a g-deformed algebra (with q^ = 1) that gives 
back si (1/1) ior q — —1 ? It is hoped that the results in this paper shall shed light 
on this question. 
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Appendix A: Connection between Wk and Uq{sl2) 

Let us now show that the quantum algebra Ug{sl2), with q being the k-th root of 
unity given by (1). turns out to be a particular form of Wk- The algebra Uq{sl2) is 
spanned by the generators J_, J_|_, q"^'-^ and g"'^^ that satisfy the relationships 

[J+, J_] = [2 J3],, 

g''^ J+g"*^^ = qJ+, q-^'-'J-q'-'-' = qJ-, 

It is straightforward to prove that the operator 

„+l„2J3 I -1 -2J3 

t2 T T I t/ t/ ^ q q 

{q-q 

or 

is an invariant of Uq{sl2). In view of Eq. (1), the operators J^, J^, {q'^^Y, and 
i^q-J^Y belong, likewise J^, to the center of Uq{sl2). 

In the case where the deformation parameter g is a root of unity, the represen- 
tation theory of Uq{sl2) is richer than the one for q generic. The algebra Uq{sl2) 
admits finite-dimensional representations of dimension k such that 

Jfc =A, Jl = B, 

where A and B are constant matrices. Three types of representations have been 
studied in the literature:^^ 

(i) A = B = (nilpotent representations), 

(ii) A — B — 1 (cychc or periodic representations), 

(iii) ^4 = and B — 1 01 A = 1 and B = (semi-periodic representations). 
Indeed, the realization of FSSQM based on Uq{sl2) does not depend of the choice 
(i), (ii) or (iii) in contrast with the work in Rcf. [32] where nilpotent representations 
corresponding to the choice (i) were considered. The only important ingredient is 
to take 

1 



that ensures a Z^-grading of the Hilbertean representation space of Uq{sl2) 
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The contact with the algebra Wk is estabhshed by putting 

and by using the definition (3) of lis as function of K. Here, the operator 11^ 
is a projection operator on the subspace, of the representation space of Uq{sl2), 
corresponding to a given eigenvalue of J3. It is easy to check that the operators X^, 
N and K satisfy Eqs. (2) with 

sin^ 

fs{N) = -[2s], = -— ^ 



for s = 0, 1, ■ ■ ■ , A; — 1. The quantum algebra Uq{sl2), with q given by (1), then 
appears as a further particular case of the generalized Weyl-Heisenberg algebra Wk- 

Appendix B: The Q-uon boson + A:-fermion de- 
composition 

We shall limit ourselves to give an outline of this decomposition (sec Dunne et al^'^ 
and Mansour et al^^ for an alternative and more rigorous mathematical presentation 
based on the isomorphism between the braided Z-line and the (2;, ^)-superspace). 
We start from a Q-uon algebra spanned by three operators a_, a+ and satisfying 
the relationships^^ (see also Refs. [17-20]) 

[a_, a+\Q = 1, [Na, a±] = ±a±, 

where Q is generic (a real number different from zero). The action of the operators 
a_, a+ and iY^ on a Fock space T := {\n) : n & N} is given by 

Na\n) = n|n), 

and 

a4n)^{[[n + a-\]]Qr |n-l), 

a+\n)^{[[n + a+]^]]Qf |n + l), 

where o" = | and a + P = 1 with < a < 1 and < /9 < 1. For a = /3 = |, let us 
consider the Q-deformed Glauber coherent state^^ (see also Ref. [49]) 



{Za+Y ^ Z" 



\n) 



MW- n=o([[ri]]Q!)^ 
(with Z e C). If we do the replacement 

g-^g:=exp(^^), A;eN\{0,l}, 
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we have [[A;]]q! — > [[k]]q\ — 0. Therefore, in order to give a sense to \Z) for Q ^ q, 
we have to do the replacement 

a+ /+ with /+ = 

and, for the sake of symmetry, a similar replacement for a_. We thus end up with 
what we call a A;-fermionic algebra spanned by the operators /_, /+ and Nf = 
completed by the adjoints /| and fl_ of /+ and /_, respectively. ^^'^^ The defining 
relations for the fc-fermionic algebra are 

[/_,/+], = !, [Nf,U]^±U, fl^fl^O, 

and similar relations for fl. and /I . The case k = 2 corresponds to ordinary fermion 
operators and the case /c — > oo to ordinary boson operators. The /c-fermions are 
objects interpolating between fermions and bosons. They share some properties 
with the para-fermions^^'^^'^^ and the anyons as introduced by Goldin et al. [8] (see 
also Ref. [7]). If we define 

b± := lim — t- 



we obtain 



so that the operators b_ and 6+ can be considered as ordinary boson operators. This 
is at the root of the two following results. 

As a first result, the set {a_, a+} gives rise, for Q ^ q, to two commuting sets: 
The set of boson operators and the set of /c-fermion operators {/_,/+}. 

As a second result, this decomposition leads to the replacement of the Q-deformed 
coherent state \Z) by the so-called fractional supercoherent state 

oo fe— 1 Qs 

where 2; is a (bosonic) complex variable and 9 a (/c-fermionic) generalized Grass- 

mann variable^-*^'^^'^^'™ with 9'' — 0. The fractional supercoherent state \z,9) is an 

eigenvector of the product with the eigenvalue z9. The state \z'^,9) can be 

seen to be a linear combination of the coherent states introduced by Vourdas^^ with 

coefficients in the generalized Grassmann algebra spanned by 9 and the derivative 
A 

In the case k — 2, the fractional supercoherent state \z,9) turns out to be 
a coherent state for the ordinary (or Z2-graded) supersymmetric oscillator. For 
k >3, the state \z, 9) is a coherent state for the Z^-graded supersymmetric oscillator 
(see Sec. 5). 
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Appendix C: Actions on the space T 

Equation (23) is satisfied by 

= F,(7V + 1), h{s)^h{s). = Fs{N), 
where the structure functions Fs are connected to the structure constants fs via 

F,iN + l)-F,{N)^f,{N) 
and to the the structure function F via 



k-l 



f{n) = J2Fs{n) n. 



s=0 



(see Sec. 2 for the definition of fs and F). 

Let us consider the operators X_ and X+ defined by Eqs. (25) and (26) and 
acting on the Hilbcrt-Fock space (sec Eqs. (5)). Wc choose the action of the 
constituent operators b± and f± on the state \kn + s) to be given by 



b-\kn + s) = b{s)-\kn + s) = J F^in + cr - ^) \k{n - 1) + s), 



b+\kn + s) = b{s)+\kn + s) = ^Fs{n + a + ^) \k{n + l) + s), 

and 

f_\kn + s) = \kn + s — l), /_|A;n) = 0, 

f+\kn + s) = [[s + 1]], \kn + s + 1), U\kn + k - 1) = 0, 

where n G N and s = 0,1, ■ ■ ■ , k — 1. The action of is standard and the action 
of f± corresponds to a = and = 1 (see Appendix B). Then, wc can show that 
the relationships (6) are satisfied. In this representation, it is easy to prove that the 
Hermitean conjugation relation xl_ — is true. 



References 

[1] S. Coleman and J. Mandula, Phys. Rev. 159, 1251 (1967). R. Haag, J. T. 
Lopuszanski and M. Sohnius, Nud. Phys. B88, 257 (1975). 

[2] P. Fayet, Phys. Lett. B64, 159 (1976). See also: J. Wess and B. Zumino, Phys. 
Lett. B49, 52 (1974). 

[3] F. Wilczek, Fractional Statistics and Anyon Superconductivity (World Scientific, 
Singapore, 1990). 



22 



[4] A. Metz, J. Jolie, G. Graw, R. Hertenberger, J. Groger, C. Giinther, N. Warr 
and Y. Eisermann, Phys. Rev. Lett. 83, 1542 (1999). See also: F. lachello, Nucl. 
Phys. News 10, 12 (2000). 

[5] ALEPH Collaboration, Phys. Lett. B495, 1 (2000). L3 Collaboration, Phys. 
Lett. B495, 18 (2000). OPAL Collaboration, Phys. Lett. B499, 38 (2001). 

[6] E. Witten, Nucl. Phys. B138, 513 (1981). 

[7] J. M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977). 

[8] G. A. Goldin, R. Menikoff and D. H. Sharp, J. Math. Phys. 21, 650 (1980); 22, 
1664 (1981). G. A. Goldin and D. H. Sharp, Phys. Rev. Lett. 76, 1183 (1996). 

[9] M. Prau, A. Lerda and S. Sciuto, in Proa. Int. School of Physics 'E. Fermi', 
Course CXXVII, eds. L. Castellani and J. Wess (North- Holland, Amsterdam, 
1996); L. Frappat, A. Sciarrino, S. Sciuto and P. Sorba, Phys. Lett. B369, 313 
(1996); J. Phys. A30, 903 (1997). 

[10] H. S. Green, Phys. Rev. 90, 270 (1953). 

[11] O. W. Greenberg and A. M. L. Messiah, Phys. Rev. B138, 1155 (1965). 

[12] Y. Ohnuki and S. Kamefuchi, Quantum Field Theory and Parastatistics (Tokyo 
Univ., Tokyo, 1982). 

[13] M. S. Plyushchay, Int. J. Mod. Phys. A15, 3679 (2000). S. Khshevich and M. S. 
Plyushchay, Nucl. Phys. B606, 583 (2001). 

[14] M. Daoud and M. Kibler, Phys. Lett. A206, 13 (1995). M. R. Kibler, J. Meyer 

and M. Daoud, in Symmetry and Structural Properties of Condensed Matter, 
eds. T. Lulek, W. Florek and B. Lulek (World Scientific, Singapore, 1997). M. 
Daoud and Y. Hassouni, Helv. Phys. Acta 71, 599 (1998). 

[15] M. Rachidi, E. H. Saidi and J. Zerouaoui, preprint: hep-th/0103212. 

[16] M. Arik and D. D. Coon, J. Math. Phys. 17, 524 (1976). 

[17] A. J. Macfarlane, J. Phys. A22, 4581 (1989). 

[18] L. C. Biedenharn, J. Phys. A22, L873 (1989). 

[19] C.-P. Sun and H.-C. Fu, J. Phys. A22, L983 (1989). 

[20] A. I. Solomon, Phys. Lett. A196, 29 (1994). 

[21] V. A. Rubakov and V. P. Spiridonov, Mod. Phys. Lett. A3, 1337 (1988). 



23 



[22] J. Beckers and N. Debergh, Mod. Phys. Lett. A4, 1209 (1989); Nucl. Phys. 
B340, 767 (1990). N. Debergh, J. Math. Phys. 34, 1270 (1993); J. Phys. A26, 
7219 (1993); 27, L213 (1994). 

[23] A. Khare, J. Phys. A25, L749 (1992); J. Math. Phys. 34, 1277 (1993). 

[24] A. T. Filippov, A. P. Isaev and A. B. Kurdikov, Mod. Phys. Lett. A7, 2129 
(1992); Int. J. Mod. Phys. A8, 4973 (1993). 

[25] S. Durand, Mod. Phys. Lett. A7, 2905 (1992); Phys. Lett. B312, 115 (1993); 
Mod. Phys. Lett. A8, 2323 (1993). 

[26] M. Daoud and Y. Hassouni, Prog. Theor. Phys. 97, 1033 (1997). 

[27] S. Klishevich and M. S. Plyushchay, Mod. Phys. Lett. A14, 2379 (1999). 

[28] M. Daoud, Y. Hassouni and M. Kibler, in Symmetries in Science A, cds. B. 
Gruber and M. Ramek (Plenum, New York, 1998); Yad. Fiz. 61, 1935 (1998). 

[29] M. Daoud and M. Kibler, Communication to the Sixth International Wigner 
Symposium (Istanbul, Turkey, 1999), unpublished. M. Daoud and M. R. Kibler, 
in Symmetry and Structural Properties of Condensed Matter., eds. T. Lulek, B. 
Lulek and A. Wal (World Scientific, Singapore, 2001). 

[30] M. S. Plyushchay, Ann. Phys. (N.Y.) 245, 339 (1996); Mod. Phys. Lett. All, 
397 (1996); A12, 1153 (1997); Nucl. Phys. B491, 619 (1997). J. Gamboa, M. S. 
Plyushchay and J. ZaneUi, Nucl. Phys. B543, 447 (1999). 

[31] C. Quesne and N. Vansteenkiste, Phys. Lett. A240, 21 (1998). 

[32] C. Ahn, D. Bernard and A. LeClair, Nucl. Phys. B346, 409 (1990). A. LeClair 
and C. Vafa, Nucl. Phys. B401, 413 (1993). 

[33] R. Kerner, J. Math. Phys. 33, 403 (1992). 

[34] J. L. Matheus-Valle and M. A. R.-Monteiro, Mod. Phys. Lett. A7, 3023 (1992); 
Phys. Lett. B300, 66 (1993). L. P. CoUatto and J. L. Matheus-Valle, J. Math. 
Phys. 37, 6121 (1996). 

[35] E. H. Saidi, M. B. Sedra and J. Zerouaoui, Class, and Quant. Gravity 7, 1567 
(1995). 

[36] N. Mohammedi, Mod. Phys. Lett. AID, 1287 (1995). 

[37] J. A. de Azcarraga and A. J. Macfarlane, J. Math. Phys. 37, 1115 (1996). 



24 



[38] A. Perez, M. Rausch de Traubenberg and P. Simon, Nucl. Phys. B482, 325 
(1996). N. Fleury and M. Rausch de Traubenberg, Mod. Phys. Lett. All, 899 

(1996). M. Rausch de Traubenberg and M. J. Slupinski, Mod. Phys. Lett. A12, 
3051 (1997). M. Rausch dc Traubenberg and P. Simon, Nucl. Phys. B517, 485 
(1998). M. Rausch de Traubenberg and M. J. Slupinski, J. Math. Phys. 41, 
4556 (2000). 

[39] A. Mostafazadeh, Int. J. Mod. Phys. All, 1057, 2941, 2957 (1996). K. 
Aghababaei Samani and A. Mostafazadeh, Nucl. Phys. B595, 467 (2001). 

[40] H. Ahmedov and 6.F. Dayi, J. Phys. A32, 6247 (1999). 

[41] D. Bonatsos, P. Kolokotronis and C. Daskaloyannis, Mod. Phys. Lett. AlO, 
2197 (1995). 

[42] J. Katriel and C. Quesne, J. Math. Phys. 37, 1650 (1996). 

[43] F. Calogero, J. Math. Phys. 10, 2191, 2197 (1969). M. A. Vasihev, Int. J. Mod. 
Phys. A6, 1115 (1991); Nucl. Phys. Proc. Suppl. b56, 241 (1997). 

[44] J. -P. Gazeau, in Quantization, Coherent States, and Complex Structures, eds. 
J. P. Antoine, S. T. Ah, W. Lisiecki, I. M. Mladenov and A. Odzijewicz (Plenum, 
New York, 1996). 

[45] C. De Concini and V. G. Kac, Progr. Math. 92, 471 (1990). 

[46] Y. Berube-Lauziere and V. Hussin, J. Phys. A26, 6271 (1993). 

[47] R. S. Dunne, A. J. Macfarlane, J. A. de Azcarraga and J. C. Perez Bueno, Phys. 
Lett. B387, 294 (1996); Czech. J. Phys. 46, 1145 (1996); 46, 1235 (1996). 

[48] M. Mansour, M. Daoud and Y. Hassouni, Phys. Lett. B454, 281 (1999). 

[49] M. Chaichian, D. Ellinas and P. P. Kuhsh, Phys. Rev. Lett. 65, 980 (1990). J. 
Katriel and A. I. Solomon, J. Phys. A24, 2093 (1991); R. J. McDermott and 
A. 1. Solomon, J. Phys. A27, L15 (1994); 27, 2037 (1994). F. B. Wang and 
L. M. Kuang, Phys. Lett. A169, 225 (1992); L. M. Kuang and F. B. Wang, 
Phys. Lett. A173, 221 (1993); Le-Man Kuang, Fa-Bo Wang and Gao-Jian Zeng, 
Phys. Lett. A176, 1 (1993). V. I. Man'ko, G. Marmo, E. C. G. Sudarshan and 
F. Zaccaria, Phys. Scripta 55, 520 (1997). 

[50] S. Majid and M. J. Rodriguez-Plaza, J. Math. Phys. 35, 3753 (1994). 

[51] A. Vourdas, Phys. Rev. A41, 1653 (1990); A43, 1564 (1991). A. Vourdas and 
C. Bendjaballah, Phys. Rev. A47, 3523 (1993). A. Vourdas, J. Phys. A29, 4275 
(1996). 



25 



